Using the squeezed state formalism the coherent state representation of quantum fluctuations in an expanding universe is derived. It is shown that this 
I. INTRODUCTION
One of the most attractive features of the Inflationary Universe scenario is its ability to explain the origin of initial density perturbations required to seed galaxies and galaxy clusters [1] . During inflation, initial quantum fluctuations of the ground state of the inflaton undergo significant parametric amplification (squeezing) after Hubble crossing. This leads to a macroscopic (i.e. many particle) quantum state. In much of the previous work on this subject macroscopic was incorrectly taken to be synonymous with classical thus the origin of classical density perturbations was not properly addressed. In actual fact the quantum state of the inflaton is spatially-homogeneous. The assumption typically made is that < q 2 k > (q k is a mode amplitude) can be interpreted as the amplitude of a classical inhomogeneity. This can only be justified if the quantum state of fluctuations is described by a statistical mixture of classical-like spatially-inhomogeneous states. The transition of quantum fluctuations from a pure spatially-homogeneous quantum state, to a statistical mixture of spatially-inhomogeneous classical-like states, can only occur via a decoherence process (from here on we shall refer to this transition as simply the quantum to classical transition).
In order to get decoherence it is necessary to go from a closed quantum system to an open quantum system. One way to do this is via the introduction of an external environment for the inflaton. By using simple toy model environments it has been shown that decoherence in the coordinate representation is an effective process on super-horizon scales [2] . However, as pointed out by Laflamme and Matacz [3] , decoherence in the coordinate representation is not always a reliable criteria for the quantum to classical transition. Any realistic model for an open system will introduce dissipation and fluctuation that will greatly complicate and qualitatively change the dynamics of quantum fluctuations [4] . This will almost certainly have important astrophysical implications for an inflationary phase. These implications have not yet been addressed in the literature.
Given the complexity of a realistic open system, it is worth looking at simple means of im-plementing the quantum to classical transition. Recently Brandenberger et al [5] attempted to implement the quantum to classical transition by decohering the quantum state of fluctuations in the number state representation. Gasperini and Giovannini [6] have implemented a scheme which decoheres in the basis of what they call the superfluctuant operator. These authors were interested in calculating the the entropy of cosmological perturbations. They utilized the squeezed state formalism and, with these coarse graining schemes, obtained the same entropy in the high squeezing limit.
The adoption of the language of squeezed states to cosmological particle creation was first introduced by Grishchuk and Sidorov [7] . Albrecht et al [8] have pointed out that the squeezed state formalism contains no new physics in itself. In fact, as noted by Hu et al [9] , (who have used the squeezed state formalism to discuss the role of intitial states in particle creation and fluctuation in particle number) the squeeze and rotation operators were derived, based on earlier work by Kamefuchi and Umezawa [10] , in Parker's original work on cosmological particle creation [11] . Although the physics is not new, the squeezed state formalism gives an alternative description which can draw upon developments in quantum optics. It is valid for any system described by a time dependent quadratic Hamiltonian.
Thus it could describe scalar fields, gravitons or gauge invariant cosmological perturbations.
In this paper I have made use of the squeezed state formalism to derive the coherent state representation (CSR) of quantum fluctuations in an expanding FRW universe. This idea stems from work in quantum optics which has shown that many states, including squeezed states, can be represented as one dimensional superpositions over coherent states [12] . As is well known coherent states [13] describe classical-like, spatially-inhomogeneous quantum states since they have well defined amplitude and momentum. Thus they are the best quantum analogue of points in phase space. The Wigner function has previously been used as a phase space representation of quantum fluctuations in an expanding FRW universe [14] [7] . In general the Wigner function shows oscillatory behaviour and associated negative regions. For these reasons it can not be considered a true phase space probability distribution. It is accepted that these properties are the signature of non-classical quantum interference effects [15] . However, the Wigner function of a gaussian state, like the squeezed vacuum, is a positive definite gaussian. This may lead one to incorrectly suspect that squeezed vacua can be thought of as classical-like states. The advantages of the CSR over the Wigner function is that it shows explicitly how squeezed quantum fluctuations are built from quantum superpositions over coherent states. This is of great pedagogical value in understanding the difference between quantum and classical fluctuations and hence the need for decoherence. Like the Wigner function, phase space information is also included since each coherent state with support in the superposition has a well defined amplitude and momentum. More importantly, decohering the squeezed vacuum in the CSR provides a simple and, as discussed below, a physically well motivated means of implementing the quantum to classical transition of fluctuations.
Studies of environmentally induced decoherence [16] have shown that coherent states are the most robust to the effects of a dissipative environment. This singles out the coherent state basis as a preferred basis for decoherence. For the case of scattering or non-dissipative environments, we would expect decoherence to be most effective in a number state basis [17] .
However, in the early universe we expect environments to be dissipative [4] . Decoherence in the CSR is therefore a well justified alternative to the decoherence schemes advocated in [5] [6]. Decoherence in a CSR is a desirable result since it implies the transformation of a coherent quantum phase space distribution to an incoherent classical phase space distribution. Such a process is necessary before we can, as Grishchuk and Sidorov advocated [7] , adopt and interpret a squeezed vacuum as a classical stochastic collection of standing waves.
The expectation values of observables calculated using decohered vacua will in general be different to that calculated using the corresponding pure states. I will also show that decoherence breaks the physical equivalence between vacua that differ by a coordinate dependent phase generated by surface terms in the Lagrangian. It is obviously important to see if the loss of quantum coherence greatly changes the basic predictions of the pure states.
In this paper I calculate the entropy and the amplitude and momentum fluctuations for two vacua defined with and without a surface term in the Lagrangian. I explicitly solve and compare results for the mixed and pure states of both vacua, in the after-Hubble crossing, or high-squeezing limit of a de Sitter phase. Finally, I discuss the important implications of these results to the power specta of fluctuations generated from inflation.
II. THE MODEL
In this section I will show how a general real scalar field in an expanding FRW universe is reduced to a quadratic time dependent Hamiltonian. It also applies to the case of gravity wave perturbations which are equivalent to the massless, minimally coupled scalar field (see [18] for details). In section 6 we show how our results for the scalar field can be applied to gauge invariant cosmological perturbations.
The action for a free scalar field in an arbitrary space-time can be written as
In the spatially flat expanding metric
we can write
where a dot denotes a derivative with respect to conformal time. If we rescale the field
where the final term in (2.4) is the surface term. The part of the surface term proportional to ξ has been added in by hand. The surface term in (2.4) ensures that the second derivative of the scale factor doesn't appear in the Lagrangian. This is necessary to have a consistent variational theory when the scale factor is treated dynamically rather than kinematically [20] . However, despite this, the surface term is often dropped when the scale factor is kinematic. In this paper we will consider two cases: with and without the surface term. All quantities derived where the surface term has been kept will be denoted with an s subscript.
We can expand the scalar field in a box of co-moving volume L 3 (fixed coordinate volume)
which leads to the Lagrangians
where k=| k| and
Defining the canonical Hamiltonian the usual way we find
where the sum is over positive k only since we have an expansion over standing rather than travelling waves.
The system is quantized by promoting (p
) to operators obeying the usual harmonic oscillator commutation relation. Thus the dynamics is reduced to the dynamics of time-dependent harmonic oscillators. The Hamiltonian is not unique and is a result of our choice of canonical variables. As equations (2.8-9) show, dropping the surface term is the same as a canonical transformation that only changes the canonical momentum. We see from equations (2.10-11) that this leads to two different Hamiltonians which inturn will define two vacua which are different up to a coordinate dependent phase. We can show this as follows. Consider the following addition of a general surface term to a Lagrangian
This is the same as a point transformation on the Lagrangian. This transformation changes the canonical momentum top
where p is the canonical momentum of the original Lagrangian. From (2.12) we find that the action transforms asS
This point transformation doesn't affect the classical equation of motion because they are derived from the stationary action condition δS = S[q(t)] − S[q(t) + δq(t)] = 0 where δq(t)
vanishes at the endpoints. However from the general expression U(q f , t f ; q i , t i ) = N paths e iS for the quantum propagator we can see that under the transformation (2.14) the quantum propagator transforms as
which inturn means that the wavefunction transforms as
The effect of this phase on average values is as follows. Consider the observable g(q, p).
The average value of this observable with respect to the transformed wavefunction (2.16) is
Obviously if g is only a function of q then everything commutes and the phase cancells.
When g is also a function of p we must write, using (2.13)
since it is the new canonical momentum. We therefore
Clearly then the phase in (2.17) will cancell in general and it therefore has no effect on the expectation values of observables. Thus vacua which differ by a coordinate dependent phase are considered physically equivalent. However, as will be shown in this paper, decoherence breaks this equivalence.
Changing the time coordinate or rescaling the field variables are also a form of time dependent canonical transformation. These canonical transformations also change the form of the Hamiltonian which corresponds to selecting different vacuum states. We have followed the results of [21] which suggest that using the rescaled field and conformal time is a preferred procedure.
III. PROPAGATOR FOR A GENERALISED HARMONIC OSCILLATOR
Consider the generalised harmonic oscillator defined by the Hamiltonian
where [q,p] = i. We define creation and annihilation operators aŝ
where γ is an arbitrary positive real. The Hamiltonian can be written in the form
where
We want to find the propagator for (3.1). To do this we make the the ansatẑ
It must satisfy the evolution equation for the propagator
subject to the initial conditionÛ (η ′ , η ′ ) = 1. We find that the operatorsÂ,Â † ,B satisfy the closed algebra
Making use of the above closed algebra and the operator relation
we find that
Substituting (3.6) into (3.7) and using (3.3 and 3.10) we obtain the following system of equations
−ih =ẋ +ży (3.13) which we must solve subject to the initial conditions
As it stands (3.6) is not necessarily unitary. Thus x, y, z must satisfy some further restrictions. If we write
then we can write (3.6) asÛ
where φ = ϕ − θ/2 and
S andR are called squeeze and rotation operators respectively [22] . They are both unitary as is required.
The interesting property of a squeeze operator is that it squeezes fluctuations in one quadrature at the expense of the other. From the propertieŝ
we can derive the fundamental properties of a squeezed vacuum stateŜ(r, φ)|0 which are
<qp +pq >= −2 sin 2φ cosh r sinh r. The squeeze parameter r determines the strength of the squeezing while the squeeze angle φ determines the distribution of the squeezing between conjugate variables. We note that the lower bound of the uncertainty relation is satisfied only when φ = nπ/2.
Substituting (3.14) into (3.11-3.13) we arrive at the neater equationṡ
If we are only interested in the vacuum state rather than the complete propagator it may be better to reduce the above system to a single second order differential equation. We can do this as follows. Putting
we find that, using (3.23-24)
we findg +ġ ḟ +ḟ * − 2ḣ
We can rewrite (3.27-28) as
We require that r(η ′ ) = 0 so we must choose our solution of (3.30) so that µ(η ′ ) = −1.
In most cases we will choose γ so that f (η ′ ) in (3.4) will vanish. From (3.15) and (3.25) µ = 1 + e 2iφ tanh r −1 + e 2iφ tanh r = −1 + tanh 2 r − 2i sin 2φ tanh r 1 + tanh 2 r − 2 cos 2φ tanh r .
The solution of (3.30) therefore determines the squeeze operator.
Using (3.31) we can determine the squeeze parameter from
Given the squeeze parameter we can then, using (3.31), solve for sin 2φ and cos 2φ. To solve for the rotation operator we use (3.25) and (3.23) and find thaṫ
This is solved by
Using (3.15) we can then write
A similar procedure with (3.24) gives
The constant contribution to the phase θ(η) is determined by the requirement that θ(η ′ ) = 0.
We do not require 2ϕ(η ′ ) = 0. Thus 2ϕ c must be chosen carefully so that the equations of motion (3.23-24) are satisfied. For the rest of the paper we shall deal only with the squeezed vacuum |r, φ = e −iθ/2 S(r, φ)|0 , though clearly we have a formalism which can deal with more general initial states.
The squeezed vacuum has the coordinate space representation [23] ψ r,φ (q) = e −iθ/2 γ π
1/4
(cosh r − e 2iφ sinh r) −1/2 exp −γq The term in the curved brackets in the exponential is nothing but −µ defined in (3.29) . This is the usual way of studying quantum fluctuations in the Schrodinger picture [24] [25] . Thus the wavefunction (3.37) and (3.29-30) show the necessary equivalence between the squeezed state formalism and the coordinate representation methods.
Albrecht et al [8] have also derived the equations of motion for the squeeze paramater r, squeeze angle φ and the phase θ. Their equations are three coupled first order nonlinear equations. On the other hand the equations derived here (3.23-24) are two coupled first order linear equations. These equations were previously derived by Fernandez [26] using a different procedure. The interested reader is referred there for other references dealing with time dependent quadratic Hamiltonians.
IV. THE COHERENT STATE REPRESENTATION
As is well known, coherent states [13] describe classical-like states since they have well defined amplitude and momentum. Therefore they are the best quantum analogue of points in phase space. For these reasons the CSR is well suited to highlighting the difference between quantum and classical fluctuations.
Recent work motivated by quantum optics has shown how squeezed states can be represented as one dimensional superpositions over coherent states [12] . In this representation the squeezed vacuum has the form |r, φ = e −iθ/2 (2π sinh r)
where the expansion is over coherent states defined as eigenstates of the annihilation operator,â|α = α|α where α is complex. These Gaussian states are minimum uncertainty packets inq andp with mean values determined by
The mean values for the coherent states with support in the superpositions are therefore determined by
When written as a density matrix (4.1) becomes
Dropping the off-diagonal terms in this representation corresponds to decohering the squeezed vacuum in phase space. The resulting normalised density matrix iŝ
We find that mean values with respect to the decohered squeezed vacuum (4.5) are
The m subscript denotes the expectation value with respect to the mixed state. These averages are not equal to equations (3.20-22) which were calculated with respect to the pure squeezed vacuum. We will show in section V and VI that the differences can be important.
We can also calculate the entropy S. It has been shown [27] that for a gaussian density matrix of the form
where y = q − q ′ and z = q + q
In the coordinate representation the density matrix (4.5) has the form
Using this we find
Using (4.10 and 4.13) we find that in the limit of large squeezing S → 2r and in the small squeezing limit S → r. We have doubled the result since the field was decomposed into two infinite sets of modes. The high squeezing limit is in agreement with those from Brandenberger et al [5] and Gasperini and Giovannini [6] . These authors adopted different coarse graining schemes which suggests that the entropy of a highly squeezed vacuum is robust to the particular coarse graining implemented.
V. DE SITTER PHASE
Here we will specialise to a massless minimally coupled scalar field in a de Sitter phase where a = −1/Hη. For the Hamiltonians (2.10-11) equation (3.30) becomes
These have the general solutions
In order that µ(η ′ ) = −1 as η ′ → −∞, we take the solutions c 2 = 0. We also choose γ = k. With these we find that (3.29) becomes 
(5.10)
Albrecht et al [8] and Grishchuk and Sidorov [7] have calculated the squeeze parameter r for this model using the vacuum defined with and without the surface term respectively.
Their results agree with equations (5.7-8).
The limit of interest is |kη| << 1 which is long after Hubble crossing. This is also the high squeezing limit. Using a standard inflation model, modes with wavelengths of the current Hubble radius would have had |kη| ≈ 10 −50 at the end of inflation [7] . Thus |kη| << 1 is a very good approximation. In this limit we find that from (5.7-8)
This shows that, under these conditions, the vacuum defined by dropping the surface term generates twice as much entropy. We will show below that the increased entropy is due to enhanced momentum fluctuations.
In the high squeezing limit we find that up to relevant order in kη
Using these we find that (4.1) become
To understand the significance of (5.15-16) we must know the properties of the physical variables for the coherent states with support in (5.15-16) . From (2.5) the quantized physical field is given byΦ
The operatorQ 
From (5.15-16) we know that after Hubble crossing the superposition has support in the range y = ±1/(kη) 2 and y s = ±1/(kη). This translates as an amplitude and canonical momenta range of
Using these and (5.19-20) we find that the physical amplitude and momentum, for both vacua, range between This phase space picture is consistent with fluctuations in Q and P calculated using the pure squeezed vacua which give in the after Hubble crossing regime
This is true for both vacua as it must for any two pure states that differ only by a coordinate dependent phase.
The decoherence mechanism we have proposed breaks the quantum interference between 
(5.29)
The first thing we notice is that the superposition bandwidth of Q in ( Of particular interest is the power spectrum |δ k | 2 , which is the spectrum of fluctuations of the Bardeen variable Φ b . When quantized the Bardeen variable is equivalent to (5.18) up to an overall k independent numerical factor. Therefore we find from (5.31-32) that the power spectra has the spectral dependence
Thus we see that, when combined with decoherence, scale invariant power spectra (on superhorizon scales during inflation) are only obtained if the surface term of (6.1) is included in the action. These results suggest that great care must be taken in choosing the surface term of time dependent systems evolving in a non-unitary way. For the model of section V we would conclude that keeping the surface term is necessary if we wish to obtain physical momentum fluctuations of the same order as that predicted by the pure state theory. There are also technical reasons. It ensures that the double derivative of the scale factor does not appear in the Lagrangian. This is necessary for a consistent variational theory when the scale factor is treated dynamically. The physical momentum variable is of astrophysical significance. It plays a role in the Sachs-Wolfe effect recently discussed within the squeezed state formalism by Grishchuk [28] . In the context of gauge invariant cosmological perturbations it seems that a surface term must be added to the action in order to get results consistent with COBE [29] . Of course the results presented here only apply to an inflationary phase. However it seems unlikely that an analysis that included the radiation and matter dominated era's would change this conclusion. It may be possible to argue on theoretical grounds that the relevant surface term should be included in the action so that no double derivative of z appears in the action.
There has been an assumption in this paper, also implicit in [5] [6] , that the effect of the continuous process of decoherence can be modelled at a given time by taking the pure state and putting the off-diagonal terms in some chosen basis to zero. The assumption is plausible but is by no means proved. Such a proof is beyond the scope of this paper. A of dissipation can not be taken into account using the ad hoc decoherence mechanism used here and elsewhere. Processes such as decoherence, entropy generation and dissipation in the early universe should be studied within the rigorous framework of a quantum field theory of open systems [4] . However this leads to complex non-Markovian dynamics. A more tractable first step in this direction would be to study the dynamics of quantum fluctuations within the framework of the quantum optical master equation [13] . This generates Markovian dynamics. Techniques for solving the quantum optical master equation for general time dependent quadratic systems have recently been presented [30] .
